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Abstract: 
We show that the Hermite polynomials and the number of self-conjugate permutations of                  

{1, 2, …, n} can be written in terms of Bell polynomials. 
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1. Introduction: 

In [1, 2] we find an expression for the complete Bell polynomials: 
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,             (1) 

Therefore: 

𝐵0 = 1,   𝐵1 = 𝑥1 , 𝐵2 = 𝑥1
2 + 𝑥2 ,   𝐵3 = 𝑥1

3 + 3𝑥1 𝑥2 + 𝑥3  , 𝐵4 = 𝑥1
4 + 6 𝑥1

2  𝑥2 + 4 𝑥1 𝑥3 + 3 𝑥2
2 + 𝑥4 ,                   (2) 

𝐵5 = 𝑥1
5 + 10 𝑥1

3 𝑥2 + 10 𝑥1
2 𝑥3 + 15 𝑥1  𝑥2

2 + 5 𝑥1𝑥4 + 10 𝑥2 𝑥3 + 𝑥5,   … 
On the other hand, from [3] it is clear that the recurrence relation: 

𝑦𝑛 =   
𝑛 − 1
𝑗 − 1

 𝑛
𝑗 =1 𝑥𝑗 𝑦𝑛−𝑗  ,       𝑛 ≥ 1,                                                        (3) 

Implies the following property in terms of Bell polynomials: 

𝑦𝑛 = 𝐵𝑛 𝑥1  , 𝑥2 , … , 𝑥𝑛 ,                                                                      (4) 

That is, (4) is the solution of (3). 

The Hermite polynomials 𝐻𝑛 (𝑥) [4-11] and 𝑈𝑛 , the number of self-conjugate permutations of {1, 2, 
…, n} [12], verify recurrence relations with the structure (3), hence they can be written in the form (4), 

which is showed in Sec. 2. 

2. Two Applications of (3) and (4): 

The Hermite polynomials satisfy the recurrence relation [4-11]: 

𝐻𝑛 𝑥 = 2𝑥 𝐻𝑛−1 𝑥 − 2  𝑛 − 1  𝐻𝑛−2 𝑥 , 𝐻1 𝑥 = 1,     𝐻2 𝑥 = 2𝑥,     𝑛 ≥ 2,                      (5) 

In harmony with (3) for  𝑥1 = 2𝑥, 𝑥2 = −2 , 𝑥𝑘 = 0,   𝑘 ≥ 3, then from (4): 

𝐻𝑛 𝑥 = 𝐵𝑛 2𝑥, −2, 0, 0, … , 0 ,       𝑛 ≥ 0,                                                       (6) 

Thus: 

𝐻0 = 𝐵0 = 1,    𝐻1 = 𝐵1 2𝑥 = 2𝑥,     𝐻2 = 𝐵2 2𝑥, −2 = 4𝑥2 − 2, 𝐻3 = 𝐵3 2𝑥, −2, 0 = 8𝑥3 − 12𝑥,                 (7) 

𝐻4 = 𝐵4 2𝑥, −2, 0, 0 = 16 𝑥4 − 48 𝑥2 + 12, … , 

Verifying the differential equation: 

𝐻𝑛
′′ − 2𝑥 𝐻𝑛

′ + 2𝑛 𝐻𝑛 = 0.                                                               (8) 
In [12] we find the following explicit formula for the number of self-conjugate permutations of {1, …, n}: 

𝑈𝑛 =  
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 ,       𝑛 ≥ 0,                                                         (9) 

Such that:      

𝑈𝑛 = 𝑈𝑛−1 +  𝑛 − 1  𝑈𝑛−2 ,       𝑈0 = 1,    𝑈1 = 1,     𝑛 ≥ 2,                                    (10) 

Which it is compatible with (3) for  𝑥1 = 1,   𝑥2 = 1,   𝑥𝑘 = 0,    𝑘 ≥ 3,  then (4) gives the property: 

𝑈𝑛 = 𝐵𝑛 1, 1, 0, 0, … , 0 ,       𝑛 ≥ 0,                                                        (11) 

Thus  𝑈0 =  𝑈1 = 1,    𝑈2 = 2,    𝑈3 = 4,    𝑈4 = 10,    𝑈5 = 26, … 

In [3, 13-15] there are more applications of the complete Bell polynomials. 
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